PRYM VARIETIES OF TRIPLE COVERINGS 



HERBERT LANGE AND ANGELA ORTEGA 

Abstract. We show that the Prym variety associated to a triple covering / : Y — » X 
of curves is principally polarized of dimension > 2 if and only if / is non-cyclic, etale 
and X is of genus 2. We investigate some properties of these Prym varieties and their 
moduli. 



1. Introduction 

Let / : Y — > X be a covering of smooth projective curves. The Prym variety P(f) 
associated to this covering is, by definition, the connected component containing zero of 
the kernel of the norm map Nmy of the Jacobian JY onto the Jacobian JX. We say that 
P(f) is a principally polarized Prym variety if the canonical principal polarization of JY 
restricts to a multiple of a principal polarization on P(f). In |BL| Proposition 12.3.3] it 
is claimed that P(f) is a principally polarized Prym variety of dimension at least 2 if and 
only if / is a double covering ramified at most at 2 points and X is of genus > 3. In this 
classification one case is missing, namely the Prym variety P(f) associated to a non-cyclic 
etale triple covering / of a curve X of genus 2, is principally polarized of dimension 2. 
The aim of this article is to fill this gap and carry out a study of these Prym varieties and 
their associated moduli spaces. 

In the second section we recall some well known results about coverings with dihedral 
monodromy group. In Section 3 we prove that for a non-cyclic triple covering, P(f) is a 
principally polarized Prym variety of dimension > 2 if and only if / is etale and X is of 
genus 2. Let M.^ be the moduli space of smooth curves of genus 2 and 7Z% \ the moduli 
space of non-cyclic etale triple coverings of curves of genus 2. In the fourth section we 
show that the forgetful map 1Z% c 3 — > A4.2 is etale (at the level of the corresponding Deligne- 
Mumford stacks), and of degree 60. If p : Z — > Y is the Galois closure of / : Y — » X, 
then the composed map 5 o f op ; Z — P 1 is Galois with Galois group the dihedral group 
Dq of order 12 (Corollary I4.4p . where 5 : X — > P 1 is the hyperelliptic covering. We use 
this to show that, surprinsingly, the curve Y is hyperelliptic (Theorem 14.91) . This fact 
allows us to describe the theta divisor H of P(f)- It turns out that P(f) is a Jacobian of 
a smooth curve H (Theorem 14.171) . The curve H can be described explicitely in terms of 
the Weierstrass points of Y (see Proposition I4.18p . 



The map Pr : 7Z% \ — > A2 associating to any covering / the principally polarized abelian 
surface (P(/),H) is called the Prym map. In Section 5 we show that Pr is of degree 10 
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onto its image and that TZ^ % is rational. Let a : Y — > JY denote the Abel map (depend- 
ing on the choice of a point yo G Y) and 7r : JY — > P(f) the canonical projection. The 
composition cif := iroa : Y — > P(f) is called the Abel-Prym map of P(f) (also dependent 
on yo). In Theorem I6.3[ we show that a/ is injective away from four of the Weierstrass 
points of Y, which have the same image. 

Given a covering / : Y — > X as above, the line bundle £ := det fJDy is a 2-torsion 
point of JY. Let Wx(3,£) denote the moduli space of S'-equivalence classes of semistable 
vector bundles of rank 3 and determinant £. Considering the elements of P(f) as line 
bundles of degree zero, the direct image defines a morphism /* : P(f) —> Ux(3,Q- In 
Proposition 17.31 we show that /* is injective. 

To any non-cyclic etale triple covering / as above, one can associate another abelian 
surface in a canonical way, namely the Prym variety P(p, q) of the pair of maps p : Z — > Y 
and q : Z — )■ D, where p is as above and q is the natural map onto the discriminant curve D 
of /. By definition P(p, q) is an abelian subvariety of the Prym variety P(p) (see Section 
8 for the definition). In the last section, we show that the restriction of the principal 
polarization of P(p) to P(p,q) is of type (1,1). 

2. Coverings with monodromy the dihedral group 

Let / : Y — > X be a covering of degree d of an irreducible smooth projective curve of 
genus gx- Let B be the finite subset of X consisting of the branch locus of / and fix a 
point Xq G X \ B. The covering induces a representation pf : ir%(X \ B,x ) — > Sf-ir xo -\ 
in the usual way, where Sf-i/ Xo -\ denotes the group of permutations of the fibre / _1 (a;o). 
Choosing an identification / _1 (x ) = {1, . . . , d}, we get a representation of iti(X \ B, x ) 
in the symmetric group of degree d which we also denote by pf. Its image 

M{f) :=Im( P/ ) 

does depend a priori on the base point x and the identification /~ 1 (x ) = {1, . . . , d}. 
For a different choice of these the corresponding image is a conjugate subgroup. It is a 
transitive subgroup if and only if Y is irreducible and called the monodromy group of the 
covering /. 

Given X and a finite subset B C X, it is well known that the map / i-> pf induces a 
bijection between the following sets: 

(a) the set of isomorphism classes of irreducible coverings / : Y — > X of degree d whose 
branch points lie in B and 

(b) the set of representations p : iti(X \ B,Xq) — > Sd with transitive image up to 
conjugacy in S d . 

On the other hand, given an irreducible covering / : Y — > X, let Z — > X denote the 
Galois closure of /; its Galois group 

G{f) := Gal(Z/X) 

is called the Galois group of the covering /. 

Proposition 2.1. An irreducible covering f : Y — >■ X is Galois if and only if 

deg(/) = \M(f)\. 
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Proof. According to [H, Proposition p. 689], for any irreducible covering / the monodromy 
group M.(f) coincides with the Galois group G(f)- Then Galois theory implies |.M(/)| = 
|(?(/)| = deg(/) if and only if / is a Galois covering. □ 

Consider a commutative diagram of smooth projective curves 

(2-1) Z 




Y 





D 




X 

where Z is the normalization of the fibre product Y x x D of the maps / and g. Later we 
assume / is an etale map. In that case the diagram is cartesian. The following lemma is 
an immediate consequence of the definitions. 

Lemma 2.2. Suppose f and g in diagram ( 12. ip are given by representations pf : tti(X \ 
B,Xq) — > S/-i(x ) and p g : irx(X\B,Xo) —> S g -ir XQ ) respectively. Then the composition 
h :— p o f : Z — >■ X is given by 

Ph = t>o(j)f,Pg) : m(X\B,X ) -> «5/-i( So ) Xff -i(* ), 

where i : Sf-ir xo <\ x S g -if xo ) — > <Sf-i( X0 )xg- 1 (x ) is the obvious map. □ 

Lemma 2.3. Let the notation be as in the previous lemma. Then Imph — Imp/ if and 
only if p g factors via p f . 

Proof. Suppose p g = a o pj with a : Sf-ifo) — > «S 5 -i( ao ). Then ph = i° (id, a) o pf. Since 
i o (id, a) is injective, it gives an isomorphism Imp/ ~ Im ph- 

Conversely, suppose that Imp^ ~ Impf. Since i is injective, this gives an isomorphism 
Im(p/,p fl ) ~ Im pf. lip and q denote the first and second projection of Sf-i( Xo ) x S g -i( Xo ), 
the equation p o (pj,p g ) = pj implies that p induces an isomorphism Im(p^,p 9 ) ~ Impj. 
Let (3 denote the inverse of this isomorphism. Then p g = q o (pf,p g ) = go/3opjis the 
asserted factorization. □ 

For a positive integer d, consider the dihedral group 

D d :=< a, t | a d = r 2 = 1, tot = a' 1 > 
of order 2d, and a covering 

f-Y^X 

of degree d of irreducible curves with monodromy group M.(f) — Dd- Let pj : H\(X \ 
B,xq) — > Sd denote the monodromy representation. Consider the signature map sign : 
<Sd — > $2 and let 

g-.D-^X 

be the covering corresponding to the composition signopj : n 1 (X\B, xq) — > 1S2. The curve 
D is sometimes called the discriminant curve of the covering /, which explains the notation 
D. With these maps we consider the commutative diagram (12. ip with deg(/) = deg(g) = d 
and deg(g) = deg(p) = 2. 
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Lemma 2.4. Under these assumptions the following conditions are equivalent: 

(a) the curve Z is irreducible; 

(b) the curve D is irreducible; 

(c) the image of pf is not contained in the alternating group Ad- 
Proof. By assumption X and Y are irreducible. This implies the equivalence of (a) and 
(b). The covering g is of degree 2, hence D is reducible if and only if p g is trivial. This is 
the case if and only if Im pf C A d . □ 

Proposition 2.5. Suppose f : Y — >■ X is a covering of degree d with Galois group 
such that Im P/ <f_ Ad- Then the covering h = fop: Z^rXis the Galois closure of f . 

Proof. By Lemma 12.41 the curve Z is irreducible. According to Proposition 12.11 it suffices 
to show that Im ph ~ D^. This is clear by Lemma [231 since p g factors via p/ by definition. 

□ 

3. Non-cyclic coverings of degree 3 

Let / : Y — > X denote a covering of degree 3 of smooth irreducible curves. Since 
S3 = D 3 and A 3 = Z 3 , we get as an immediate consequence of Proposition 12.51 

Proposition 3.1. The covering f : Y — >■ X of degree 3 is non-cyclic if and only if the 
curve Z of diagram (12. ip is Galois over X with Galois group 1S3 . 

As / has degree 3, the ramification points of / are either simple, i.e. of order 2, or total, 
i.e. of order 3. Let s and t denote the number of simple and total ramification points of 
/ respectively. Then the Hurwitz formula gives 

s 

9y = 3gx ~ 2 + - + t. 

Proposition 3.2. Let f : Y — )■ X be a non-cyclic covering of degree 3 with s simple and 
t total ramification points. 

(a) The covering D — >■ X is ramified exactly over the s simple branch points of f and 

s 

9d = 2gx - 1 + „; 

(b) The covering Z — )■ D is cyclic and ramified exactly over the 2t preimages in D of 
the t total branch points of f and 

3 

9z = 6gx - 5 + -s + 2t; 

(c) The covering Z —tY is ramified exactly over the s non-ramified points in the fibres 
over the simple branch points of f . 

Proof. A simple ramification point corresponds to a transposition in the monodromy group 
of /. This and the Hurwitz formula imply (a). The statement (b) follows similarly, since 
a total ramification point corresponds to a cycle of length 3. Part (c) is a consequence of 
(a) and (b) using the commutativity of diagram (12. ip . □ 

The Prym variety P(f) of the covering / : Y — > X is by definition the complement of 
the abelian subvariety f*JX in the canonically polarized Jacobian JY. 
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Proposition 3.3. The canonical polarization of JY induces on P(f) a polarization of 
type (1, • • • , 1, 3, • • • ,3), where 1 occurs gx — 2 + | + t times and 3 occurs gx times. 

Proof. The homomorphism /* : JX — > JY is injective, since / is non-cyclic. Hence the 
canonical polarization of JY induces a polarization of type (3, • ■ ■ ,3) on f*JX. Since 
dimP(/) = 2gx — 2 + | + t, the assertion follows from |BL| Corollary 12.1.5]. □ 

We call P(f) a principally polarized Prym variety if the induced polarization on P(f) 
is a multiple of a principal polarization. In order to determine these Prym varities, we 
may assume that X^P 1 , since in this case P(f) = JY. 

Corollary 3.4. Let f : Y — >• X be a non-cyclic covering of degree 3 of smooth projective 
curves. Then P(f) is a principally polarized Prym variety if and only if either 

(i) X has genus 2 and f is Stale, or 

(ii) X has genus 1 and (s,t) = (2,0) or (0,1). 

Proof. According to Proposition 13.31 the abelian variety P(f) is a principally polarized 
Prym variety if and only if gx — 2 + ^ + t = 0. This shows the assertion. □ 

Case (ii) is uninteresting, since here P(f) is of dimension 1. In the next section we will 
study case (i) in more detail. 



4. The Prym variety of a non-cyclic 3-fold covering of a genus-2 curve 

4.1. The set up. Let X be a curve of genus 2 and / : Y — > X a connected non-cyclic 
etale covering of degree 3. Then we have diagram (12. lj) where D is the discriminant curve 
of / and, according to Proposition I3.2[ all maps in the diagram are etale. Hence (12. ip is 
a Cartesian diagram. According to Proposition 13 . 1 1 the curve Z is the Galois closure of / 
with Galois group S% . For the genera of the curves we have that 

9y = 4, g D = 3, g z = 7. 

It is easy to give an example of such a covering /. For this we exhibit a surjective 
homomorphism ip : n 1 (X,x ) — > S 3 . Since 

(4.1) 7Ti(X,x ) = ^01,02,61,62 I JJoAoT^r 1 = 1^ , 

it suffices to give cycles <7j,Tj, i — 1,2 generating S3 and satisfying Y\ 2 i=i a i T i (J i 1 ' r ^ 1 = !• 
One can choose for example T\ = t 2 = (1, 2), <J\— (1, 2, 3) and cr 2 = (1, 3, 2). 

In order to classify non-cyclic etale degree-3 coverings, we use the following proposition. 

Proposition 4.1. There is a bisection between the following sets: 

(1) connected non-cyclic etale coverings f : Y — > X of degree 3 and 

(2) etale Galois coverings h : Z — )■ X with Galois group S3, 
up to isomorphisms. 

In particular, there are only finitely many non-cyclic etale degree-3 coverings of X. 
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Here we consider only connected Galois coverings. Note that two Galois coverings of 
the set (2) are isomorphic if they differ by an (inner) automorphism of S3. Note also 
that any isomorphism of two coverings in (1) can be extended to an isomorphism of their 
Galois closures. 

Proof. We already associated a Galois covering h to every /. Conversely, let h : Z — > X 
be a Galois covering as in (2). The group S3 admits exactly 3 subgroups of index 3. Let 
Yi — y X, i — 1, 2, 3 denote the sub-coverings corresponding to them. They are etale and 
non-cyclic, since the subgroups are not normal. The coverings Yi — y X are isomorphic to 
each other, since the subgroups are conjugate. The last assertion follows from the fact 
that there are only finitely many etale Galois coverings of X with Galois group S3 (in 
fact less than 2 4 ■ 3 6 , which is the number of all possible double coverings of X times the 
number of all possibles triple cyclic coverings of D; see Remark 18. 6p . □ 

Let M. 2 denote the moduli space of curves of genus 2 and 71% % denote the moduli space 
of non-cyclic etale degree-3 coverings of curves of genus 2. It exists as a coarse moduli 
space, since the moduli space of etale Galois coverings of curves of genus 2 with group S3 
does. 

Corollary 4.2. The forgetful map <p : 7^2,3 — > M.2, [f : Y — > X] \-t [X] is a finite, etale 
covering of Deligne-Mumford stacks of degree 60. 

Proof. The finiteness of the map follows from Proposition 14.11 We have to show that 
for every curve X of genus 2 there are exactly 60 classes of etale Galois coverings over X 
with Galois group S3. Using Riemann's existence theorem and the fact that the group of 
(inner) automorphisms of S3 is isomorphic to S3 itself, it suffices to show that there are 
exactly 360 surjective homomorphisms 

ip : 7Ti(X,x ) ->■ S 3 . 

Given a set of generators of 7Tx(X, Xo) as in (I4.ip . we denote by Ai,A 2 ,Bi, B 2 their images 
in S3 under a map ip : tti(X, Xq) — > S3. Then it suffices to count the number of quadruples 
(Ai, A 2 , Bi, B 2 ) e <S|, whose entries generate S3 and which verify 

(4.2) [A 1 ,B 1 ] = [B 2 ,A 2 ], 

where [Ai, Bi] is the commutator of Ai, Bi. Observe first that ip is surjective if the quadru- 
ple contains at least one element of order 3 and one transposition or 2 different transpo- 
sitions. We shall consider 4 cases depending on the number of transpositions among the 
^4j's and B^s. 

Suppose first that there is only one transposition, say A\ = t. Then [B 2 , A 2 ] = 1 and 
relation f)4.2p forces Bi to be the identity and A 2 , B 2 to be elements of order 3, not both 
trivial. By counting the choices for r and the elements of order 3 we get 4 ■ 3 ■ 8 = 96 
possibilities. 

Suppose now there are exactly 2 transpositions. In this case (14.21) imposes either 
(Ai,Bi) = (r, r), (A 2 ,B 2 ) = (a l ,a j ) with cr 3 = 1 and not both A 2 ,B 2 trivial, which 
gives 2 • 3 • 8 = 48 possibilities, or (Ai, Bi) = (r, a 1 ), (A 2 , B 2 ) = (r', a 1 ) with 4 • 6 choices 
if a 1 = 1 (and then r 7^ r') and 4 • 9 choices if a 1 ^ 1. So in this case we obtain 
48 + 24 + 36 = 108 possibilities. 
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Similarly, when we suppose exactly 3 transpositions in the quadruple, we have for 
example (Ax, Bx) = (t, r), (A 2 , B 2 ) = (1, r') with r ^ t', giving 3-2 3 choices, or (Ax, B t ) = 
(r, t'), (A 2 ,B 2 ) = (r" , a 1 ) with r ^ r' and a 1 determined by the other elements. In this 
way, we get 3 2 • 2 3 choices. Hence we obtain 24 + 72 = 96 different possibilities in this 
case. 

Finally, by assuming all non-trivial elements are transpositions and there are at least 2 
of them, we add 60 more possibilities. Summing up the 4 cases we get the result. □ 

4.2. The extended diagram. Consider again diagram (12.11) . We denote by tz and m 
the involutions corresponding to the double coverings p and g and by az the automorphism 
defining the cyclic covering q : Z — > D. 

As a curve of genus 2, X is hyperelliptic. According to [R] Example 1 p. 64] the hyper- 
elliptic involution Lx of X lifts to an involution on any cyclic covering. So Lx lifts to an 
involution on D which moreover commutes with (again by [RJ Example 1 p.64]). 
Hence Ld and r D generate the Klein group Z 2 © Z 2 acting on D and k d := l d t d = r D i D 
is also a lift of l X - According to [FKl Corollary of Proposition V.1.10, p. 267], one of these 
liftings, say to, is a hyperelliptic involution on D. 

In particular, D is hyperelliptic and Ld lifts to an involution iz on Z. If r : Z — > B 
denotes the corresponding double covering, we have the following commutative diagram 



(4.3) 




Y = Z/r z 



B = Z/i Z 



D 



X = D/t d E = D/k d > P 1 = D/l d 




Observe that iztz^z Xt z X ac ^ s on ^he fibers of the map q : Z — > D. So, Tzi-z and izTz 
differ by a power of the automorphism az, i.e. izTz = o % z T z l z for some i, < i < 2. If 
i > 1, multiplying this equation by a 1 we get 

Replacing i z by <J % z iz (note that with i z also o l z iz is an involution), we may assume that 
tzTz = r Z Lz- 

Proposition 4.3. The group generated by the automorphisms iz, t~z and az is the dihedral 
group Dq of order 12. 

Proof. For simplicity, we drop the indices of the automorphisms of Z in this proof. Ac- 
cording to [Rl Example 1 p.64] we have ta = a 2 i. It suffices to show that ip := tar is of 
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order 6. Since n = tl and to = a 2 r, 



ip 2 = loiTOT = a 2 a 2 = a, 

which implies the assertion. □ 

Corollary 4.4. The covering 5 o f o p ; Z — > F 1 is Galois with Galois group D e . 

Proof. For the proof just note that the covering 5 o f op : Z — > F 1 is Galois if and only if 
\Aut(Z/F l )\ = deg(5o/op). □ 

Corollary 4.5. The curve B is of genus 2. 

Proof. According to |R[ Theorem 1] the Prym variety P{q) of the covering q : Z — > D is 
isomorphic to JB x JB, which gives the assertion, since dimP(g) = 4. For another proof 
of this fact see [Ql Proposition 2.3]. □ 

Remark 4.6. Let 4>p( q ) denote the polarization of P{q) induced by the canonical polar- 
ization of JZ. If JB is identified with its dual via the canonical polarization, then the 
polarization on JB x JB induced by 4>p( q ) via the isomorphism P(q) — JB x JB of [R] 

/ 2 — 1 

Theorem 1] is given by the matrix 

Proposition 4.7. The map p* : JY — > JZ is injective on P(f). Moreover, p*(P(f)) is 
contained in P(q). 

Proof. The kernel of p* is generated by a 2-division point A G JY. The fact that p is a 
lift of the covering g means that A G f*(JX). Now f*(JX) fl P(f) consists of 3-division 
points, so does not contain A. This implies the first assertion. For the last assertion, 
note that P(f) is the kernel of the norm map Nmj. Hence p*(P(f)) C Ker(Nm g ) (in 
fact, Nm ? o p* = g* o Nmj holds). Since p*(P(f)) is connected, it is contained even in 
(KerNm 9 )° = P(q); for details, see |LRl Proposition 2.2]. □ 



4.3. The full extended diagram. According to Corollary 14.41 the covering Z — > P 1 is 
Galois with group D§, for which we will use for simplicity the following notation 

D 6 = (^,t\^ = t 2 = 1, t^t = ^~ 1 ), 



with t = rz and if) = iz^zTz as in the previous section (and thus iz = ip^r). The subgroup 
diagram of D$, which contains one representative of every conjugacy class of subgroups 
together with their natural inclusions, gives us the following commutative diagram of 



sub-coverings of the curve Z . We keep the notation of the previous diagram. 



(4.4) 



Y = Z/(t) 




B = Z/(iP s t) A = Z/(^) 



X = Z/(r,r) 




e = z/y>) 



The maps of Z to the curves in the second (respectively third, fourth and fifth) row of 
the diagram are of degree 2 (respectively 3, 4 and 6). 

Proposition 4.8. (a) The curves A and E are of genus 1. 
(b) The curve C is of genus 0. 

Proof. For both parts of the proposition we use the following Theorem of Accola [AJ 
Theorem 5.9]: 

Let Z be a compact Riemann surface of genus p. Suppose that Z admits a finite group 
of automorphisms Gq and that this group admits a partition (i.e. Go = {J^ =1 Gi, where 
{Gi\l =x is a collection of subgroups of Go with Gi fl Gj = {e}, 1 < i < j < s ). Let 
Hi = \Gi\, Xi = X/Gi and pi be the genus of Xi for i = 0, . . . , s. Then 



(s - l)p + n p = ^2 



riiPi. 



»=i 



To show (a) we apply the Theorem of Accola to the partition Go = D$ = LiJ =l Gi with 
Gi = (V), G 2 = (r), G 3 = ^G 2 ^-\ G 4 = ^G 2 ^~\ 
G 5 = (^ 3 r), G 6 = ipG^ip -1 , G 7 = i?G^~\ 

to give 

42 = 6-7 + = 6g(Z/(4>)) + 3(2g(Z/(T))) + 3(2g(Z/(ij 3 T))) 
= 6g(E) + 6g(Y) + 6g{B). 

Since g(Y) = 4 and g{B) = 2 according to Corollary 14.51 this implies g(E) = 1. Consider 
the upper right commutative square, i.e. \i o a = (3 o q. Since / is etale, so ist q. From the 
facts that deg \x and deg (3 are coprime and q is cyclic etale, we conclude that \i is etale. 
This implies g(A) = 1. 
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For the assertion (b), we apply the Theorem of Accola to the group Go — (ip 3 ,^) of 
automorphisms of the curve Z with partition G = Uf =1 Gj with 

Gi = (^ 3 >, G 3 = (i/>'t), G 3 = (t>, 

to obtain the equality 

14 + Ag{C) = 2g(A) + 2g(B) + 2g(Y) = 2 + 4 + 8, 

which implies the assertion. □ 

Since cleg 7 = degr = 2, we get as an immediate consequence, 

Theorem 4.9. Any non-cyclic Stale 3-fold covering Y of a curve of genus 2 is hyperel- 
liptic. 

4.4. The theta divisor of the Prym variety P. According to Theorem I4.9[ the curve 
Y is hyperelliptic. Let qi, . . . , q w denote its Weierstrass points and let p%, . . . ,p 6 be the 
Weierstrass points of X. From the commutativity of the diagram 

(4.5) Y \r* pl = c 



3:1 



3:1 / 

X 5 —+ P 1 = Z/D 6 

we conclude that the image of any Weierstrass point under the map / is a Weierstrass 
point of X and that there are 2 points Pi such that f~ 1 (pi) consists of 3 Weierstrass points 
and 4 points Pi such that / _1 (pi) contains only one Weierstrass point. Without loss of 
generality we may assume that 

fill) = f(l2) = f(qs) = Pi, /(?4) = /(ft) = /(ft) = P2 

and 

f(q 6+i )=p 2+ i for i = l,..., 4. 
Observe that, if hx and hy denote hyperelliptic divisors of X and Y, we have 

f-\h X )~3hy. 

Finally, denote by the canonical theta divisor in Pic 3 (F), given by the image of the 
map 

y(3) p iC 3(Y), Vl + y 2 + y 3 h-> Y {y x + y 2 + y 3 ). 

In order to describe the restriction of the theta divisor of Y to the Prym variety P, we 
will work in Pic 2 (F). Let q be a Weierstrass point of Y and p = f(q). We consider the 
following translate of G: 

Q q :=e-gCPic 2 (F). 

Let Nm denote the norm map Pic 2 (F) — > Pic 2 (X) (and also the norm map from Div 2 (Y) 
onto Div 2 (A)). In the following we will consider hx (respectively hy) also as an element 
of Pic 2 (^(respectively of Pic 2 (F)). 

Define P as the translate of the Prym variety P, 

P := Nm-\h x ) C Pic 2 (F). 
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We can consider P also as an abelian surface, since it contains a distinguished point, 
namely hy. 

Lemma 4.10. For any %j\ + y 2 + 2/3 G the following conditions are equivalent 

(a) Oy(yi + V2 + Vs ~ 0) e P n 6,/ 

(b) after possibly renumbering the yi we have f(y$) = p and /(j/2) = f( L Yyi)- 
Proof, (a) is equivalent to Nm(yi + y 2 + y$ — q) ~ /ix and this occurs if and only if 
(4-6) f(Vi)+f{V2) + f(y3)~h x +p. 

The linear system \hx + p\ has p as a base point which implies that we have f{yz) = p 
after possibly renumbering the y^. Then (14. (jj) reads 

/(yi) + /(j/2) ~ h x , 

which implies 

f(V2) = ixfivx) = f(t Y yi). 
The converse implication is obvious. □ 

Now we choose q = qi, so that /(<7i) = Pi and, with the notation of the previous lemma, 
2/3 e f~ l {pi) = {qi, Q2, 03}- Hence, if we define for % = 1, 2, 3, 

5^ := {Oy(?/i + y 2 + ft - gi) G Pic 2 (F) | Vl , y 2 eY with f(y 2 ) = f{L Yyi )} 

with reduced subscheme structure, we get as an immediate consequence the following 
set-theoretical equality: 

(4.7) Pne 9l = s!us 2 us 3 . 

Lemma 4.11. Fori = 1,2,3 the scheme Sj is the disjoint union of a complete curve Sj 
and a point. More precisely, 

Sj = Si U Oy(h Y + 0i~ Oil- 
Proof. Note first that Si = Si +qi — ox for i = 2 and 3. So it suffices to prove the assertion 
for i — 1. Certainly the scheme Si is of dimension 1, since PnB gi is a divisor. To see this, 
it suffices to show that P <f_ Q qi . For instance, note that Oy(q 2 + 03 + Oi + Oz ~ hy) G P, 
as Nm(g 2 + 03 + 04 + 05 ~ hx) = 2pi + 2p 2 — hx ~ h X - We claim that the line bundle 
Oy(oi + 02 + 03 + 04 + Os - hy) has no sections, hence Oy(o 2 + 03 + 04 + On — hy) ^ Q qi . 
Since hy ~ 2g 5 , Gy{oi + O2 + 03 + 04 + 05 ~ hy) has a non zero section if and only if 
h°(Oy(oi + ■ ■ ■ + 04)) > 2. This occurs if and only if the Serre dual h Y — Oi ~ ' ' ' — 04 ~ 
Oi + O2 + 03 — 04 is effective, that is there exist pi,p 2 G Y such that O1 + O2 + O3 ~ 
i.e., /i°(gi + g 2 + 93) > 2; but any linear series g\ on an hyperelliptic curve has a fixed 
point (see (16.11) ). this leads to the contradiction g 4 = Oi for some i 7^ 4. This proves the 
claim. 

Clearly the point hy is contained in Si. Define 

Si := Si \ hy. 

We claim that hy is not in the closure of Si. In order to prove this, note that any L G Si 
is of the form L = Oy(y\ + y 2 ) with yi and iyy 2 in the same fibre of the map /. The fact 
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that L 7^ hy means that y\ and iyy 2 are different points of the fibre. So, since / is etale, 
hy cannot be a limit of a sequence of line bundles in Si. 

It remains to prove that Si is purely one-dimensional. This will be shown in Corollary 
I4TT51 below. □ 

Corollary 4.12. The curves S, are divisors in the Prym variety P and we have 

pne 9l = »iu» 2 u» 3 . 

Proof. This is an immediate consequence of Lemma [4.111 and (14.71) just noting that hy = 
+ 12 + <?2 — <?i) = Oy(qi + iyq 2 + q 2 — qi) G S 2 and similarly for the isolated points 
of S 2 and S3. □ 

Theorem 4.13. The principal polarization S of the Prym variety P is given by each of 
the algebraically equivalent divisors 



Proof. Note first that Sj = Si + qi — q\ for % = 2 and 3. So for i = 2, 3, Sj is the translate 
of Si by the 2-division point qi — q%. It remains to show that the curve Si defines the 
principal polarization S. For this note that P D Q qi defines the polarization 3S and, if 
is the multilplicity of the curve S, in P fl Q qi , the Corollary 14.121 implies 

3S = mSi + n 2 E 2 + n 3 S 3 = (m + n 2 + n 3 )E 1 . 

Since S is a principal polarization and nj > 1 for all i, this is only possible if n\ = n 2 = 
n 3 = 1 and Si is also a principal polarization. This implies the assertion. □ 

4.5. The curve S := Si. Recall that the scheme S := Si is defined by 

S = {Oy (y + z)e Pic 2 (F) I f(tyz) = f(y), i Y z + y} 

with reduced subscheme structure. In particular S is contained in the Brill-Noether locus 

W 2 = {L G Pic 2 (F) I h°(L) > 1}. 

Recall that the symmetric product is the blow-up of W 2 at the hyperelliptic line 
bundle hy: 

p : F (2) -> W 2 . 

Consider the canonical double covering 7x74 Y^ 2 \ (y,z) h-> y + z. By assumption, 
the map / : Y — > X is etale, so for every point y EY the fibre f~ x f{y) consists of exactly 
3 points. Let us denote these points by f~ l f{y) = {y,y',y"}] we define 

(4.8) D := {(y, t Y y'), (y, i Y y") eYxY\yeY} 

with reduced subscheme structure. 

Lemma 4.14. The scheme D is an etale double covering of Y . In particular it is a 
complete curve inYxY. 

Proof. Let p% : D — > Y denote the projection onto the first factor. By definition, every 
point of Y has exactly 2 preimages under the map p\. This implies the assertion. □ 
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According to the definition, the scheme H does not contain the point hy. This implies 
that the map p : p _1 (H) — > H is an isomorphism. In the sequel we identifiy p~ 1 (S) with 
S. A direct consequence of the previous lemma is 

Corollary 4.15. The scheme S is a complete curve in and thus also in P. 
For the Weierstrass points % i = 7, . . . , 10 we have 

(4.9) f l f{qd = {Qi, z h tyZi} 

with some non- Weierstrass points Z{. With this notation we get 

Lemma 4.16. The double covering j : D — > H induced by the double covering Y xY 
Y^ is ramified exactly at the 8 points (z^, Zi), (tyZi, tyZi) £ D, i = 7 . . . , 10. 

Proof. Note first that (zi,Zj) = (zi, ly(LyZi)) E D and similarly {tyZ^iyZi) G D. Hence it 
suffices to show that D intersects the diagonal of 7x7 exactly in these 8 points. For this 
observe that only on the fibers over the Weierstrass points g«, i = 7, . . . , 10 two different 
points of the fiber are exchanged under the hyperelliptic involution, namely Zi, lyZi for 
% = 7, . . . , 10. □ 

Theorem 4.17. The curve E is smooth and irreducible of genus 2 and the principally 
polarized abelian surface (P, H) is the Jacobian o/S. 

Proof. Recall that the curve S defines a principal polarization of the abelian surface P. So 
either it is smooth and irreducible of genus 2 or the union of 2 elliptic curves intersecting 
transversally at one point. Suppose 5 is the union of 2 elliptic curves H = H 1 U H 2 . Then, 
by Lemma 14.141 a ls° the curve D is reducible: D = D\ U D2 with Dj ~ Y and thus 
of genus 4 for i = 1,2. Then without loss of generality and according to Lemma 14.161 
we may assume that Di — > S 1 is a double covering ramified in < 4 points of D\. This 
contradicts the Hurwitz formula. □ 

Recall that the curve H is given by 

2 = {[y + i Y z] 6 y( 2 ) I f(y) = f(z), y^z} 

with reduced subscheme structure. The involution iy induces the hyperelliptic involution 
on 5 by 

t s : 5 ->■ 5, [y + l y z] M- ty([y + tyz]) = [2 + Lyy). 
So the following proposition is immediate. 

Proposition 4.18. If {q±, ■ ■ ■ ,qio} denote the Weierstrass points ofY as above, i.e. with 
f^iPi) = {91,92,93} and f~ 1 (p 2 ) = {94,95,9e} ; then 

{[9i + 92], [91 + 9s], [92 + 9s], [94 + 9s], [94 + 9e], [95 + 9e]} 
are the Weierstrass points o/H. 
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5. The Prym map 

Let A2 denote the moduli space of principally polarized abelian surfaces. The Prym 
map for non-cyclic triple coverings is the map 

Pr : K™^A 2 , [f:Y^X}^P(f). 

According to Theorem 14.171 the image of the Prym map is contained in the open subset 
of A2 consisting of Jacobians of smooth curves of genus 2. 

Theorem 5.1. The Prym map Pr : 71% \ — > A2 is finite of degree 10 onto its image. 

Proof. Let [/ : Y — > X] 6 TZ^ % and suppose P(f) = JS. We have the following commu- 
tative diagram 

(5.1) Y— ^P 1 -^- 




where the left hand square is diagram (14. 5p . tp is the hyperelliptic covering and if) the 
composed map. Let the notation of the Weierstrass points of X and Y be as above. Then 
the Weierstrass points of 5 are given by Proposition 14.181 The map if) is given by a pencil 
g\ C |3/\s| whose ramification divisor consists of the 6 Weierstrass points of H and the 8 
preimages of the 4 ramification points over S(ps), . . . , S{pe)- 

Conversely, let 5 be a smooth curve of genus 2 with Weierstrass points {wi, . . . ,Wq}. 
Consider the pencil g\ C |3if=| generated by 2 divisors of the form 2u>j + 2wj + 2wk where 
the union of the w^s in both divisors equals {w 1: . . . , Wq}. Hence the corresponding 6:1 
covering if) : 5 — > P 1 factors via the hyperelliptic covering, because the generating divisors 
are sums of divisors linear equivalent to K^. So we have the commutative triangle of 
diagram (15.11) . 

Let X\, £2 be the branch points of if) in P 1 corresponding to the two generating divisors 
of the g\. Thus / is etale over x\ and x-i- Assume for the moment that / is simply 
ramified, say over the points x%, . . . ,x% G P 1 . Let 5 : X — > P 1 be the double covering 
ramified in x\,...,xq and let / : Y — > X be the normalization of the pull-back of / 
by 5. Clearly / is etale. Moreover, we claim that / is non-cyclic. If / was cyclic the 
corresponding automorphism of order 3 would permute the Weierstrass points of Y; but 
since there are 10 of them, this automorphism would have fixed points, contradicting the 
fact that / is etale. So we are in the situation of diagram (15.11) . In particular, we have 
P(f) = JS. Clearly every covering / with Pr(f) = JS arises in this way. Moreover, 
/ is uniquely determined by the choice of a partition of {wi, . . . ,w 6 } into 2 subsets of 
three elements. Hence, under the above assumption, we conclude that there are exactly 
1(g) = 10 elements in the fibre Pr _1 (JS). 

Observe that if / is not simply ramified, then either it has 2 triple ramification points, 
or it has 1 triple ramification point and 2 simple ones. In the former case if) is ramified 
over 4 branch points, in the last case if) ramifies over 5 points. We claim that a general 
H does not admit such coverings over P 1 . This will show that for a general H all 10 
pencils satisfy the assumption above. To prove the claim, we estimate the dimension of 
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the following locus in M. 2 

Mb '■— {[C] G A^2 | C has a base point free g 6 branched over b points }, 

for b = 4, 5. Let denote the Hurwitz scheme of coverings ip : C — > P 1 of degree 6 
branched over b points. It is known that the Hurwitz schemes have expected dimension 
b, the number of branch points. Hence the dimension of A4, for b = 4, 5, is at most 
dim'Hg f, — dim Aut(P x ) < 2, which is less than the dimension of M. 2 . This completes the 
proof. 

□ 

Proposition 5.2. The moduli space VJ^\ is rational. 

Proof. Consider the diagram (15. ip . The moduli space V of triple coverings / : P 1 — > P 1 is 
a rational curve according to [EEHSl pp. 96-98]. Let V denote its open subset consisting 
of triple coverings branched over 4 distinct points. Let B(f) C P 1 be the branch locus 
of /. A pair (pi + p%, f) in a Zariski open subset of (P 1 )^) x V determines uniquely 
a genus 2 curve X whose hyperelliptic covering 5 has branched locus B(f) U {pi,P2} 
and a triple covering / : Y — >■ X defined as the normalization of the pullback of / by 
5. Conversely, it is clear from what we have said above (see diagram (15.1 1) ), that every 
element [/ : Y — > X) £ 7^2 C 3 defines a point in (P 1 )^) x V. Thus we conclude that * s 
birational to P 3 . □ 

6. The Abel-Prym map 

Let a yo : Y — > JY denote the Abel map with respect to a point yo G Y and n : JY — > P 
the canonical projection. The composition 

is called the Abel-Prym map of P = P{f)- 

Recall that every endomorphism of the Jacobian JY is given by a correspondence on Y. 
In order to study the Abel-Prym map a/, we need a correspondence inducing tc : JY — > P. 
For this we use the following notation: if y is a point of Y, let y' and y" denote the other 
2 points of the fibre f~ 1 {f{y)). 

Lemma 6.1. The projection ir : JY — > P is induced by the following correspondence on 
Y: 

y 2y - y' - y" . 

Proof. P is the complement of the abelian subvariety f*JX in the principally polarized 
abelian variety JY. The projection JY — > f*JX is the image of the trace correspondence 
T : y i-)- y + y' + y". According to [BL, Section 5.3], if an abelian subvariety of exponent 
e is induced by a correspondence D, the complementary abelian subvariety is the image 
of e • idjy — D. This implies the assertion, since f*JX is of exponent 3 in JY. □ 

Lemma 6.2. (1) For any 2 points 2/1,2/2 G Y , 

a f(vi) = 0/(2/2) & % + 2/2 + 2/2 ~%2 + y[ + y" ■ 

(2) For 2 points y, y' in a fibre of f , 

a f(y) = a f(y') 3y~3y'. 
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Proof. Lemma I6TT1 implies that 0/(2/1) = 01/(2/2) if an d only if 2y\ —y[ — y" ~ 2y 2 — y' 2 — y 2 , 
which gives (1). Inserting y\ — y and y 2 = y', (1) gives 2y + y + y" ~ 2y' + y' + y" which 
implies (2). □ 

Recall the notation of the Weierstrass points of Y and X from subsection 14.41 In 
particular, according to (I4.9p . /~ 1 /(q , i) = {(ft, Zi, tyZi} for the Weierstrass points i = 
7, . . . , 10 with non-Weierstrass points Zj. Then we have 

Theorem 6.3. The Abel-Prym map «/ : Y — > P is injective away from the Weierstrass 
points qr, . . . , qio, which have the same image. 

Proof. According to Theorem 14.91 the curve Y is hyperelliptic. It is a consequence of the 
geometric version of the Riemann-Roch theorem that any complete linear system g r d is of 
the form (see [AUGHj . p. 13) 

(6.1) rh Y + a 1 -\ h a d - 2r . 

Suppose now yi,y 2 G Y, with 0/(2/1) = 07(2/2). If f(yi) = /(j/2) then, according to 
Lemma IBT2| 3yi ~ 3y 2 , which gives y\ = y 2 by equation (16.11) . 

If f(yi) 7^ /(1/2), Lemma [62] implies 2y\ + y' 2 + y 2 ~ 2|/ 2 + + j/f. If this linear system 
is a complete ^4 then, by (16.11) it has two fixed points, which implies y\ = y 2 . So suppose 
it is a subsystem of a two-dimensional linear system g\. Then it follows from (16 .ip that 
y 1 and y 2 are Weierstrass points and y" = t Y y[ as well as y 2 = iyy' 2 . This implies 

2/1,2/2 e {g 7 , • • • ,gio}- 

Conversely, if 2/1,2/2 G {97, •••,910} then, according to (14. 9p . we have 2/f = ^y2/i f° r 
i = 1,2. Now Lemma I6T21 implies that 0/(2/1) = 0-/(2/2). □ 

7. Direct images of line bundles on Y 
According to [M, Proposition 4.7] 

/*0y = Ox © E, 

with a vector bundle of rank 2 such that (detE) 2 = Ox- In the case of a cyclic triple 
covering / given by a line bundle r] 6 JA[3] \ {0} it is well known that E ~ i] (B i] 2 . In 
the non-cyclic case we have 

Lemma 7.1. The vector bundle E is stable. 

Proof. Consider the commutative diagram (12.11) and let h : Z — > X denote the composition 
h — fop — goq. Let 77 G JX>[3]\{0} and A G JA[2]\{0} be the line bundles associated 
to the coverings q and g. So Kerg* = (77), Ker g* = (A). Since /* : JX — >■ JF is injective, 
I Ker/i*| < I Kerp*| = 2. If 77 was in the image of g* then the inverse images of 77 and rj 2 
would be in the kernel of h*, but Ker h* contains at most one non-trivial element. So, 
77 ^ Img*. On the other hand, by flat base change 

O d ®v®V 2 = Q*O z 

= q*P*Oy 

= g*f*o Y 

= D ®g*E. 
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Thus g*E ~ 7] © t] 2 . The semistability of E follows from the fact that f*Oy is semistable 
(see [Bj Proof of Proposition 4.1]) and E is of degree zero. Suppose that E has a line 
subbundle of degree 0, L\ E . Without lost of generality, we might assume that the 
composition map 

g*Li g*E ~ rj © rj 2 -)• 77 

is non zero, where the last arrow is the projection. Since rj is also of degree 0, this map 
gives an isomorphism g*L\ ~ r/, which contradicts the fact r] ^ g*(JX). Therefore, E is 
stable. □ 

As a consequence of the proof, we can say more about the determinant of E: 

Corollary 7.2. Let A be the 2-division point defining the covering g : D — >■ X . T/ien 
det£ G {£> x , A}. 

Proof. In the proof of the previous lemma, we saw that g*E = n © n 2 , where rj is the 
3-division point of JD defining the covering q : Z — >■ D. This implies that 

det £ = det = O d 

which implies the assertion. □ 

Let £ denote the 2-division point det E of Pic°(X) and let Ux(3,£,) denote the moduli 
space of S-equivalence classes of semistable rank 3 vector bundles over X with determinant 
£. The direct image f*L of a line bundle L on Y is vector bundle of rank 3 on X and by 
[Bl Proof of Proposition 4.1] it is semi-stable. Moreover, for any line bundle L on Y the 
determinant of f*L is given by the following formula 

(7.1) det f^L = NmL® det/.Oy 

(observe that the formula is trivial for L = Oy, then one can apply induction on the degree 
of L using the fact that any line bundle V fits in an exact sequence 0— > L — > L' — > O p — > 0, 
where degL = degL' — 1 and O p is the skyscraper sheaf supported at the point p e Y). 
Thus / induces a morphism /* : P(f) —> Wx(3, £). 

Proposition 7.3. The direct image morphism 

/»:P(/)->Wx(3,0 

zs injective. 

Proof. Recall the diagram (12.11) . According to Proposition 13. 11 the curve Z is Galois over 
X with Galois group D 3 = (a,r \ cr 3 = r 2 = 1, tot = a 2 ). For % = 0, 1, 2 denote Zi = Z 
and define po — P : — ^ ^ Pi — P ° °" : ^i — * Y an d P2 — P o" 2 : Z 2 — >■ K. Then the 
following diagram is cartesian 



(7-2) Uto^ 
where /' is the identity on each Z^ and h'\z i = Pi for i — 0, 1, 2. 
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Suppose now that L, L' G P(f) with f*L ~ f*L'. Applying flat base change to diagram 
dZ2D, we get 

® 2 i=0 p*L = f'XL ~ h*f.L = h*UL' ~ f'XL' = ®Up*L'. 

This implies 

p*L = p* L~p* i L' = (<j i )*p*L' 

for some i G {0,1,2}. Hence, since p*\pm is injective according to Proposition 14.71 it 
suffices to show that p*L ~ (o % )*p*L' implies p*L ~ p*L'* for z = 1 and 2. Moreover, 
replacing cr by cr 2 , we may assume % = 1. 

So assume that p*L = a*p*L' for some L, L' G It suffices to show that this implies 

(7.3) p*L G Fix(<7*), 

since then p*V ~ (a 2 )*p*L = p*L and thus L ~ V . 

Now the assumption means that the pair (L, L /_1 ) is in the kernel of the morphism 

r : P(f) x P(f) ->■ JZ, (L, L') ^ p*L ® a *p*L'. 

It is well known that r is a D 3 -equivariant isogeny onto its image (for the first proof of 
this see |RR[ Theorem 5.4]). Here the action on the left hand side is the standard action 
of .D3 given by 

and the action on the right hand side is the action induced on JZ from Z. In particular 
the kernel of the homomorphism r is a D3-invariant subgroup of P(f) x P(f). 

By hypothesis (L, V' 1 ) G Ker(r). So also a(L, L'" 1 ) = (L',L®U) G Ker(r) and 
f(L,L' _1 ) = (L <8> L',L') G Ker(r). Together with the assumption p*L = a*p*L' (or 
equivalently (a 2 )*p*L = p*L') this gives the equalities 

(a 2 )*p*L ® tr*p*L ® J9*L = 0, (a 2 )*p*L ® (p*L) 2 = 0. 

These equations imply 

which was to be shown. 

□ 



8. The Prym variety of the pair (p, q) 

Let / : Y — > X be a non-cyclic etale degree 3 covering of a curve X of genus 2 and 
consider the associated diagram (12. ip . According to |LR] the Prym variety P(p, q) of the 
pair of coverings (p, q) is defined to be the complement of the abelian subvariety q*P(g) 
in the Prym variety P(p) with respect to the restriction of the canonical polarization of 
J(Z). 

Proposition 8.1. P(p,q) is an abelian surface. 



Proof, dim P(p, q) = dim JZ — dim JY — dim P(g) = 7 — 4—1 = 2. 



□ 
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Hence we have associated to the abelian surface P(f) another abelian surface P(p,q). 
In this section we denote S the principal polarization of the Prym variety P(p). Recall 
the curves A and B of diagram (I4.4p and let 0^ and 0b denote the canonical principal 
polarizations of their Jacobians J A and JB. Moreover, we identify the elliptic curve A 
with its Jacobian. 

Theorem 8.2. (a) There is a canonical isomorphism of principally polarized abelian 
varieties 

(p( P ),~)~(A,e A )x(jB,e B ). 

(b) // we consider JB as an abelian subvariety of JZ , we have an equality of polarized 
abelian varieties 

(P(p,q),E\ PM ) = (JB,Q B ). 

Proof, (a): The Theorem of Mumford on Prym varieties of etale double coverings of 
hyperelliptic curves (see |Mut Page 346]) applied to the following subdiagram of the full 
extended diagram 

(8.1) Z 




Y B A 




C = P 1 



gives an isomorphism of principally polarized abelian varieties 

(8.2) {P{p), S) ~ {J A x JB, ©a x JB + J A x Q B ) = (A, Q A ) x (JB, Q B ). 

(b): Let E g denote the principal polarization of the Prym variety P(g). The theorem 
of Mumford applied to the following subdiagram of the full extended diagram 

(8.3) D 




X P 1 E 




P 1 = Z/D, 



yields 

(8.4) (P(g), E g ) ~ (JE x JP 1 , Q E x JP 1 + 6 P i x JE) = (E, Q E ). 

where we use JP 1 = and identify E = JE. 

The full extended diagram consists of diagrams (18. ip and (18. 3p together with the maps 
/, q, v, \i and / from ( 18. ip to ( 18. 3p . Since the Theorem of Mumford is certainly compatible 
with pull-backs with respect to /, q, v, \i and /, we get that q* respects the decompositions 
( 18. 2 p and (18 ,4p . In particular we get 



q*(P(g)) = (M*(E) x v*(J rl ) = A x {0} = A. 
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Since a and r are ramified, we can consider A and JB as abelian subvarieties in JZ and 
thus of the Prym variety P(p). Then (18. 2p implies that the complement of the abelian 
subvariety A in P(p) with respect to the polarization H is JB. 

Now let G denote the canonical principal polarization of the Jacobian JZ. Since 

(8.5) e\ P{p) = 22, 

the abelian variety JB is also the complement of A with respect to the polarization 0|p( p ). 

On the other hand, the Prym variety P(p, q) of the pair of maps (p, q) is defined to be the 
complement of the abelian subvariety q*P(g) = A in P(p) with respect to the polarization 
0|p(p). Since the complement of an abelian subvariety with respect to a polarization 
is uniquely determined, we get P(p, q) = JB. The equality of the polarizations is a 
consequence of ( I8.2p . □ 

We want to determine the 3-division point r\ of the Jacobian JD inducing the cyclic 
covering q : Z — > D of the diagram ( 12. ip . More generally, consider / :C->Da cyclic 
etale covering of prime degree p and denote by c and 0£> the canonical polarizations. 
The associated pull-back map of line bundles /* : JD — > JC is an isogeny onto its image 
with kernel a cyclic subgroup of order p generated by an element 77 G JD. With this 
setting we have the following lemma. 

Lemma 8.3. Let A C JD be an abelian subvariety with 0_d|a °f type- (d\, . . . , d r ). Then 
the polarization 

®c\ f * Al softype I { l jpd2j ^J r) if veA 

Proof. According to [BL, Proposition 12.3.1], (/*)*0 C = P<3>d- This implies that (/* )*0 C U 
= p&d\a is of type (pd\, . . . ,pd r ). Since /*|a : A — > f*(A) is an isomorphism if rj ^ A 
(here we use that p is a prime) and an isogeny of degree p if 77 e A, this implies the 
assertion. □ 

Proposition 8.4. The 3-division point 77 of JD corresponding to the Stale covering q : 
Z —7- D is contained in the elliptic curve P(g) — E C JD. 

Proof. Recall that and 5 are the canonical principal polarizations of JZ and P(p). 
Since g : D — )• X is an etale double covering, 0_d|p( s ) is of type (2). Hence by Lemma [8731 
the polarization 

rx\ ■ f + / ( 6 ) -f ^ P (#) 

0| g *(P (s) ) is of type I ^ if iqeP [ g y 

Now q*{P(g)) C P(p) and 0|p (p) = 2S. This yields 



-\q*(P(g)) 



is of type { (3) if 77 * P( ^ } 
is ot type 1 (1) 11 ^ ^ 



to Hp( p ), it follows that 



Since H is a principal polarization and P(p, (?) is the complement of g*(P(g)) with respect 

it 

wrrfw / (1 ' 3) if v^Pig) 

PM is of type I if veP{g y 
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But we know from Theorem 18.21 that Hp(p )9 ) is of type (1,1). Hence r] G P(g)- The 
equality P(g) = E is flE3D- □ 

Remark 8.5. According to |LRl Proposition 2.4] the Prym variety P(p, q) can also be 
defined as the complement of p*P(f) in the Prym variety P(q). So we have an isogeny 

P(q)~P(f)xP(p,q). 

Recall that P(f) is a principally polarized Prym variety and according to Theorem lS. 21 (b) 
P(p, q) is also principally polarized. On the other hand, the restriction of the canonical 
principal polarization of JZ to P(q) is of type (1, 1,3,3) and thus the above isogeny is 
not an isomorphism. Moreover, since P(q) — JB x JB and P(p, q) = JB by Theorem 
18.21 (b), one deduces that P(f) is isogenous to JB. 

Remark 8.6. Observe that the number of etale (connected) double coverings g : D — > X 
is 2 4 — 1 = 15. On the other hand, according to Proposition 18 A\ the etale triple coverings 
q : Z D corresponding to the Galois closure of / are determined by a subgroup of order 
3 of E[3] and there are (3 2 — l)/2 = 4 of them. Therefore, for every genus 2 curve X there 
are 15 ■ 4 = 60 choices for the Galois covering Z — > X, which agrees with Corollary 14.21 
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